Solutions to the Balitsky-Kovchegov equation are considered which respect an SO(3) subgroup of the conformal group. The symmetry dictates a specific dependence of the saturation scale on the impact parameter. Applications to deep inelastic scattering are considered.
Introduction
The Balitsky-Kovchegov (BK) equation [1, 2, 3] 
is essentially the 't Hooft coupling, and r 1 , r 2 , and z are positions in the transverse plane, conveniently thought of as complex numbers. The function 
is the amplitude for a quark-antiquark dipole, characterized by position r 1 for the quark and r 2 for the anti-quark, to scatter off a hadronic target in a collision where the difference in rapidity between the dipole and the target is Y . A common application of the BK equation (though far from the only one) is to study deep inelastic scattering (DIS), in particular the total cross-section of a virtual photon off of a proton. In this application, the scattering is presumed to be dominated by the overlap of the photon with a quark-antiquark dipole, whose likelihood to interact with the hadronic target is then described by N (r 1 , r 2 ; Y ).
A standard simplification is to require that S depends on r 1 and r 2 only through |r 1 − r 2 |.
Physically, this means that the dipole size is assumed to be much smaller than the typical size of the distribution of hadronic matter with which it collides. This paper is focused on the observation that an equally valid simplification of the leading order equation (1) is to require that S depends on r 1 and r 2 only through the distance function
where q is an arbitrary parameter with dimensions of inverse length. 1/q is essentially the size of the hadronic target. The reason that solutions to (1) of the form S(r 1 , r 2 ; Y ) = S q (d q (r 1 , r 2 ); Y ) (6) must exist is that the functional form on the right hand side is the one that respects an SO(3) subgroup of the symmetry group P SL(2, C) of the measure factor d 2 z |r 1 −r 2 | 2 |r 1 −z| 2 |r 2 −z| 2 . This is essentially the same SO(3) subgroup as the one used in [4, 5] to find generalizations of Bjorken flow with finite transverse extent. Because two out of the three generators of SO(3) are conformal Killing vectors rather than true Killing vectors, solutions of the form (6) will be modified by the breaking of conformal invariance, which occurs at next-to-leading order (NLO) in the BK equation through the running of α s . The ansatz (6) is similar in spirit to the work of [6] on solutions to the Banfi-Marchesini-Smye equation preserving a SO(2, 1) subgroup of the conformal group.
The organization of the rest of this paper is as follows. In section 2 I briefly review some of the standard lore on solutions of the leading-order BK equation, including the key concepts of saturation scale and geometric scaling. In section 3 I explain the SO (3) symmetry more fully and show how this symmetry dictates the functional form of the distance function d q (x, y). I will also demonstrate that the SO(3) symmetry, together with some weak additional assumptions, dictates the following dependence of the saturation scale on the impact parameter b:
provided Q max s (Y ) q, which occurs at large enough rapidity. In section 4, I explain how S(r 1 , r 2 ; Y ) is converted into a prediction of DIS cross-sections, and point out that although the form (7) is satisfactory at large Q, it leads to a total cross-section σ γ * p that increases somewhat too quickly as Q becomes small. This mismatch is due to the failure of conformally invariant solutions to capture the rapid falloff of energy density at sufficiently large transverse radius. Conformal symmetry has also been used in [7] , along with some additional dynamical intuition from AdS/CFT, to study DIS cross-sections at small Bjorken x.
2 Some well-known properties of the BK equation
Reviews of the large literature on the BK equation and related concepts include [8, 9, 10] .
Earlier literature, for example [11, 12] , shows that many aspects of the dynamics were understood before the BK equation was introduced in its modern form. The remarks in this section are intended to provide non-specialists with some perspective on how the BK equation is used.
It is often convenient to replace r 1 and r 2 by the combinations
For consistency with the notation of (1), r and b are most properly regarded as complex numbers. However, when no ambiguity seems likely, I will abuse notation by allowing r and b to denote the magnitudes |r| and |b|, respectively. In particular, throughout this section I will restrict attention to solutions to the BK equation which depend only on |r|, and I will use r to denote this positive real quantity. That is,
An important and well-studied class of solutions is those which tend toward a scaling form at large Y :
where the scaling variable isr
and Q s (Y ) grows exponentially with Y :
where c ≈ 4.88 .
The estimate of c quoted here is from [13, 14] , where it is also argued that there are nonexponential corrections to (12 It has been argued [21] that the approach (10) to geometric scaling is a universal feature of all solutions S(r; Y ) to the BK equation satisfying certainly physically motivated conditions, in particular |1 − S(r; Y )| r 2γc at some fixed Y for small r, where
Qualitatively, the claim being made in (10) is that hadronic collisions have universal behavior at high energies, independent of the precise nature of the colliding particles.
A certain amount is known about the scaling functionŜ(r) that controls the asymptotic large Y behavior:
• Forr 1, one hasŜ(r) = 1 + C 1r 2γc logr + . . ., where C 1 > 0 is a constant [21] .
• Forr ∼ 1, the numerical results of [22] fit well to the formŜ(r) = 1/(1 +r/r * ) 2 , wherê r * is a constant.
• Forr 1, one hasŜ(r) = C 2 e 1 For the analysis of geometric scaling, it is convenient to start by defininĝ
where k and r are regarded as vectors in R 2 . Then, remarkably, (1) can be shown to be equivalent to
where L = log k 2 and χ(γ) = 2ψ 
where Y 0 and Q s0 are parameters.
An additional challenge is that with reasonable values of the coupling, for exampleᾱ s = 0.2, the growth (12) is substantially more rapid than a comparison with DIS data supports.
This situation is substantially improved by the inclusion of next-to-leading-order effects: see for example [23] .
Exploiting conformal symmetry
I want to consider distributions of hadronic matter which are non-uniform in the transverse plane. In the literature on the BK equation, this is relatively unexplored territory. In [8] one can find a form for the dipole scattering amplitude based on treating a nucleus as a sphere of uniform density. In [24] one can find calculations related to the Froissart bound based on the assumption of a factorized form N (r 1 , r 2 ) = N (r)S(b). Most relevant for our investigations, in [25] one can find the expression (7) as an ansatz for the dependence of the saturation scale on impact parameter. Earlier related work includes [26, 27, 28] , which consider how diffractive processes constrain the impact parameter dependence of dipole scattering amplitudes; and [29] , in which solutions to the BK equation with explicit impact parameter dependence were investigated numerically.
In general, it's hard work to study the BK equation when S has some general dependence on complex r 1 and r 2 rather than dependence only on r = |r 1 −r 2 |, simply because the general form S(r 1 , r 2 ; Y ) has five real independent variables, as compared to two independent real variables in S(r; Y ). Dependence of S only on r = |r 1 − r 2 | and Y amounts to the imposition of ISO (2) symmetry. The action of ISO(2) on a complex number z (describing, as usual, a position in the transverse plane) is
where |α| = 1 and β is any complex number. Imposing ISO(2) symmetry on a function S(r 1 , r 2 ; Y ) means that we demand that S(r 1 , r 2 ; Y ) is invariant if we send r 1 → αr 1 + β and r 2 → αr 2 + β at the same time (and leave Y unchanged).
In [4] I showed in the context of relativistic hydrodynamics that an interesting solutiongenerating technique was to replace invariance under ISO(2) by invariance under a group SO(3) of conformal isometries of R 3,1 . I will exploit the same strategy here. The reason it works is that the measure and kernel of the leading-order BK equation is invariant under the group P SL(2, C) of linear fractional transformations (LFTs), 2 which act on z by
where α, β, γ, and δ are complex. A simple way to check this invariance is to consider only the holomorphic half of the measure and kernel, namely the one-form
The claim is that ω is invariant under all linear fractional transformations, where we understand that the LFT is supposed to act on r 1 , r 2 , and z. To check this claim, first note that it is obvious for linear transformations (17) (even when α is not unimodular), and that the full group P SL(2, C) is generated by linear transformations together with the inversion z → −1/z. So the only thing to check is that ω is invariant under z → −1/z (with r 1 → −1/r 1 and r 2 → −1/r 2 at the same time). This is a straightforward exercise. Conformal invariance of the BFKL kernel has been thoroughly appreciated in the literature (see for example [12] ), and the invariance of the BK equation that I have just described has been noted explicitly, for example in [29] .
Just as ISO (2)-invariance requires that S should depend on r 1 and r 2 only through the combination |r 1 − r 2 |, so one would expect invariance under some other subgroup G ∈ P SL(2, C) to require that S should depend on r 1 and r 2 only through some other simple combination. If such a symmetry is imposed on S(r 1 , r 2 ; Y ) at some fixed Y , then the P SL(2, C) invariance of the leading-order BK equation ensures that it persists at all Y .
The obvious example to start with is an SO(3) subgroup which includes rotations around the beam axis (that is, rotations of the complex plane preserving the origin). There is a 2 SL(2, C) is the group of matrices α β γ δ where α, β, γ, and δ are complex with αδ−βγ = 1. P SL(2, C)
is SL(2, C) quotiented by the Z 2 which simultaneously flips the sign of α, β, γ, and δ. LFTs of the form (18) are in unique correspondence with elements of P SL(2, C).
one-parameter family of such subgroups, characterized by a length scale which I will denote 1/q, following [4] . Besides rotations preserving z = 0, SO(3) q includes the LFTs
which preserve the points z = ±i/q. The parameter θ ∈ [0, 2π) uniquely labels these conformal isometries of the complex plane. The rest of SO(3) q can be obtained by composing rotations preserving z = 0 with transformations of the form (20) . It is useful to recall that there is a conformal map, the so-called stereographic projection, which maps the complex plane to the unit sphere S 2 . Let's parametrize the S 2 by polar angles (θ, φ) such that θ runs from 0 at the north pole to π at the south pole, and φ runs from 0 to 2π and labels longitude.
Then the stereographic map is
and the transformations (20) can be understood as ordinary rotations of S 2 which preserve two opposite points located on the equator.
The SO(3) q which I have described is essentially the same as the one in [4] , and its original motivation came from collisions of gravitational shocks in AdS 5 [30, 31] . 3 More precisely, each element of SO(3) q is a conformal isometry of the complex plane which can be extended to a conformal isometry of R 3,1 , and this extended isometry is an element of the group SO(3) q picked out in [4] . This is most easily seen at the level of derivative operators representing the generators of SO(3) q . The infinitesimal generator of transformations (20) is
If we write z = x 1 + ix 2 , then
where
In other words, ζ ⊥ on the light-front locus t 2 = (x 3 ) 2 extends to ζ on all of R 3,1 .
Having established the main properties of the SO (3) and r 2 are replaced by SO(3) q images of themselves, for instance under the LFT map (20) .
The discussion so far makes clear that there are solutions of the BK equation that respect SO(3) q invariance, and that they take the form
It remains to calculate S q (d q ; Y ). This is hard, in the sense that no analytical results are likely to be available. However, the physically interesting regime to consider is Q s q: that is, the saturation scale is much smaller than the overall size of the target. Then there is a simple way of generating approximate solutions: If S(r; Y ) is an ISO(2) symmetric solution which vanishes quickly away from small r = |r 1 −r 2 |, then one need only replace r → d q (r 1 , r 2 ) in order to obtain an SO(3)-invariant function which is an approximate solution to (1). The reason this works is that the SO(3)-invariant function is significantly positive only when qd q (r 1 , r 2 ) 1. So it doesn't "notice" the curvature of S 2 , and acts the way solutions do on
As a special case, we can start from an ISO(2)-invariant scaling solution S(r; Y ) =Ŝ(r).
The corresponding approximate SO(3)-invariant solution is
In the ISO (2) When qd q (r 1 , r 2 ) 1, one can make the further approximation
Plugging (27) into (26), one finds
is the saturation scale at a position z in the transverse plane. The form (7) has been considered previously [25] (see also [33] ) 
where κ ∈ (0, 1) is some pre-specified number. Q 
Using the approximation (27) to simplify the left-hand side of (31), we arrive immediately at (7).
Deep inelastic scattering
I will first briefly review how the amplitude S(r 1 , r 2 ; Y ) is used to calculate certain crosssections in deep inelastic scattering. For a more complete account, see for example [19, 8] .
A key quantity for comparison with experiment is the total cross-section σ γ * p of a virtual photon, denoted γ * , to scatter off the hadronic target, which at HERA is a proton. Standard calculations, summarized for example in [9] , lead to the formulas
and I have again used the convenient notation r = |r 1 − r 2 |. Also,
where K 0 and K 1 are modified Bessel functions. Also, A well-known analysis [19, 20] adopts the following simplified form of (33):
where σ 0 is a constant with units of area and
Qs(Y ) 2 r 2 .
In the limit m f → 0, the geometric scaling property of (37) translates into a dependence of
2 ) on Y and Q 2 only through the dimensionless ratio
Geometric scaling in DIS data refers, most properly, to the dependence of σ γ * p (x, Q 2 ) and related quantities only on τ . Evidently, this can only work if Q s (Y ) is chosen properly, and a good fit to the data is achieved using
and σ 0 = 23 µb, with a sum over the three flavors u, d, s with m f = 140 MeV (a value small enough so that it only slightly modifies geometric scaling) [19] . The simplification To understand the main implications of SO(3)-invariant scattering amplitudes (26) for DIS, let's consider the following ansatz:
where r = |r 1 − r 2 | and b = r 1 +r 2 2
. I plan to use the expression (7) for Q s (b; Y ), but to start with let's consider a general dependence of Q s on the magnitude of b and on Y . A useful simplification is to note that when m f = 0,
This form, though approximate, is convenient because it allows all but one integral in the expression for σ γ * p to be performed explicitly: starting from (32)- (34) and (40), one finds
Here Ei is the exponential integral function, and γ is Euler's constant. Let's define
so that (42) may be re-expressed as
In (44), Q s (Y ) is an average or characteristic value of Q s , whose precise definition we do not need to specify at this stage. In order for σ γ * p to depend on Q 2 and Y only through the combination τ defined in (44), u must be a function only of b, not of Y . For SO(3)-invariant solutions, according to (7), we have
so u is independent of Y precisely if Q s is a fixed fraction of Q max s .
It is easy to see that G(θ) is a monotonically decreasing function with
where . . . indicates subleading terms. As a rough estimate, in the expansions (47), we may in replace log θ by −1 for θ 1 and +1 for θ 1, and split up the last integral in (42) as
where b * is determined implicitly by the equation
If Q is large, then (49) has no solutions, and one must effectively set b * = 0 in (48). Then one finds σ γ * p ∝ 1/τ where τ is defined as in (44), up to logarithmic corrections due to the coarseness of the approximations in (48). If Q is small, then b * is large, and the first term in square brackets in (48) dominates. In this situation, σ γ * p ∝ b 2 * , again with logarithmic corrections. In summary,
The analysis so far has been for a general dependence of Q s on impact parameter b, provided the ratio u defined in (44) depends only on b, not Y . Evidently, the large τ behavior σ γ * p ∝ 1/τ is universal, and, pleasingly, this behavior is a good fit to the data [19, 20] . According to (49) and (50), the small τ behavior of σ γ * p is a probe of the behavior of Q s (b; Y ) at large b-assuming, as seems reasonable, that Q s (b; Y ) decreases monotonically to 0 (or to values below Λ QCD ) as b increases. If we assume the form (7) for Q s (b; Y ), then (49) can be solved to give σ γ * p ∝ 1/ √ τ for small τ . This is a faster increase with decreasing τ than is supported by the data: Referring to Figure 2 of [20] , we see that as τ decreases, √ τ σ γ * p saturates to a maximum value near τ = 1 and then decreases roughly like a small positive power of τ to as far as the data reaches, roughly τ = 2 × 10 −3 (see also figure 1 below). This decrease is consistent with a dependence σ γ * p ∝ 1/ 4 √ τ , though the width of the available region of τ is narrow enough that a firm conclusion about the functional form that describes it should not be drawn.
We should not be too surprised that conformal invariance predicts a faster increase in σ γ * p at small τ than data supports: this increase is due to the relatively slow decrease of Q s (b; Y ) at large b exhibited by (7) . Confinement indicates that Q s should decrease more rapidly than 1/b 2 once one reaches a sufficiently large value of b.
A weakness of the analysis I have presented is that the form (40) with Q s (b; Y ) given by (7) is only an approximate presentation of SO(3)-invariance, valid when r 1/q. A more precise expression of SO(3)-invariance would be to use (26) ; however this makes the integrations quite a bit more complicated. There is a way of seeing that this weakness is not a serious problem, as follows. The regime of parameters corresponding to HERA data is Q between 0.2 GeV and 20 GeV, with Q s on the order of 1 GeV. On the other hand, q
should be chosen to be approximately the inverse radius of the proton, i.e. 0.2 GeV. Thus Q > ∼ q, and we can expect the main contribution to the integrals defining σ γ * p to come from r < ∼ 1/q. In short, in the physically interesting regime, we are seldom far from satisfying the desired inequality r 1/q, so the use of (7) is sufficient in order to understand the qualitative features of the dependence of σ γ * p on τ .
Another issue is that (40) 
where s = Qr. Calculations were performed with three massless flavors and α em = 1/133.
It turns out that a good fit for σ γ * p can be achieved over a significant range of choices for q with a cutoff b max = 0.69 fm, 5 provided that one allows Q It is well understood that the comparison of saturation ideas to total cross section σ γ * p in DIS data can be made to work with a saturation scale Q s that is independent of impact parameter b out to a hard cutoff beyond which it vanishes. The plot with q = 0. figure 1 is essentially a confirmation of this point. But, as is evident from the other two values of q shown, the data for σ γ * p is also consistent with significant variation of Q s , at least for the SO(3)-invariant functional form (7) supplemented by the hard cutoff in b. Admittedly, using q = 0.5 GeV pushes past the envelope where use of (27) and (28) is uniformly reliable across the experimentally accessible range of Q. Thus an improved analysis would again be desirable. Comparison to diffractive cross-sections would also be helpful.
Conclusions
The main claims of this paper are contained in equations (6) and (7) . The first result is the statement that there are solutions to the leading order BK equation which respect an SO (3) subgroup of the conformal group. The SO(3) subgroup is characterized by a parameter q with dimensions of inverse length. SO(3) q -invariant solutions are almost as simple as the more widely studied translationally invariant solutions, where the scattering amplitude S depends only on the dipole size, not its position in the transverse plane; indeed, translationally invariant solutions can be recovered from the q → 0 limit of SO(3) q -invariant solutions. After mapping the transverse plane stereographically to a sphere, one can understand SO(3) qinvariance as uniformity on the sphere. Indeed, the distance function d q appearing in (5) and (6) is the the chordal distance between the two images points on the sphere, which is obviously SO(3) q -invariant. The form of d q leads directly to the specific dependence of the saturation scale Q s on impact parameter shown in (7).
It is noteworthy that in solutions to the BK equation of the form (6), the saturation scale doesn't change its functional dependence on impact parameter as the rapidity increases.
Heuristically, the hadronic target doesn't spread out at all, it just gets blacker all over.
Conformal invariance in QCD is modified by the running of the coupling, and most spectacularly by confinement. So we should expect to start to have trouble matching data as the characteristic momentum scale approaches Λ QCD . Indeed the analysis of section 4
showed too fast an increase of the cross-section σ γ * p with τ = Q 2 /Q 2 s as τ becomes small. This is because conformal invariance predicts a fatter tail of energy density and saturation scale at large impact parameter than a confining theory like QCD will support. However, this is hardly sufficient reason to abandon the conformal approach: when Q max s Λ QCD there may be a substantial region in the transverse plane where the results (6) and (7) provide a good leading order description of the variation of parton distribution functions over the transverse plane. Using conformal invariance as an organizing principle for the early stages of a collision is likely to be especially useful when the early time dynamics itself is conformally invariant. This is true in the glasma description [34] (see also the earlier work [35] , and [36] ), where the relevant dynamics is classical Yang-Mills theory. To the extent that conformal symmetry is a good symmetry of both the initial state and the subsequent early-time dynamics, the analytic solution of [4] should describe the fluid flow until such time as the non-conformal nature of the equation of state becomes important.
Clearly it would be desirable from a phenomenological standpoint to study deviations from SO(3) q invariance in solutions to the BK equation, as I did with A. Yarom for hydrodynamics in [5] . For example, I would like to know whether and how fast the SO(3) q -symmetric configuration is approached according to the leading-order dynamics (1). More ambitiously, one could inquire how NLO corrections cause the inverse size parameter q to evolve with rapidity, and how deviations from conformality evolve according to NLO dynamics. Best of all would be to develop a quantitative understanding of how deviations from conformality in the initial state propagate through to the hydrodynamical regime.
